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Magnetization reversal due to vortex nucleation, displacement, and annihilation
in submicron ferromagnetic dot arrays
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Magnetization processes are analytically described for the arrays of soft ferromagnetic polycrystalline cir-
cular dots with submicron dimensions, wherein the magnetization reversal accompanied by nucleation, dis-
placement, and annihilation of magnetic vortices. Magnetostatic, exchange, and Zeeman energies are taken into
account for the analysis. The magnetic state of each dot in an applied magnetic field is treated as an off-
centered rigid vortex structure; i.e., the vortex keeps its spin distribution while being displaced. This rigid
vortex model yields analytical expressions for the size-dependent initial susceptibility, the vortex nucleation,
and the annihilation fields. The interdot magnetostatic interaction plays an important role in the magnetization
reversal for the arrays when the interdot distance is smaller than the disk radius, where the initial susceptibility
increases and both the nucleation and annihilation fields decrease. The analytical predictions are compared to
the micromagnetic calculations, and limitations of the model are discussed.

DOI: 10.1103/PhysRevB.65.024414 PACS number~s!: 75.75.1a, 75.60.Jk, 75.30.Gw
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I. INTRODUCTION

Recent interest in magnetic systems with reduced dim
sions has been stimulated by the rapid evolution of vari
microfabrication techniques. In particular, it enables us
fabricate well-defined two-dimensional arrays of submicr
ferromagnetic particles~dots!. This offers various opportuni
ties to test new concepts ofspintronicdevices, such as mag
netic random access memory~MRAM !,1 high-density pat-
terned recording media,2,3 and ultrasmall magnetic field
sensors.4 Prior to the technological applications mention
above, it is indispensable to understand well fundame
properties of the individual and interacting magnetic e
ments with reduced dimensions.

It is generally recognized that theoretical description
the magnetization reversal process in a real ferromagn
rather complicated, since one should consider all the en
terms composed of exchange, magnetocrystalline anisotr
and magnetostatic contributions.5 Therefore, the arrays o
identical dots fabricated by the microlithography process
considered as a model system well suited for direct comp
son between calculations and experiments. Controlling b
dot geometry and crystal microstructure is a challenging
achievable task. For example, in single-crystalline epita
dots, the magnetocrystalline anisotropy plays an impor
role in determining the demagnetization process, and the
fective anisotropy is adjusted to the desirable strength.
spin-reorientation transitions caused by interplay betw
the shape and temperature-dependent magnetocrysta
anisotropies have been observed in epitaxial rectangula
dots.6,7 The magnetic behavior of the polycrystalline syste
is mainly determined by their geometry and shape due
lack of microscopic crystalline order. This tendency has b
demonstrated for arrays of flat polycrystalline dots w
circular,8,9 elliptical,10,11 rectangular,8,12 and triangular13

shapes.
0163-1829/2001/65~2!/024414~10!/$20.00 65 0244
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The remanent domain structure of ideal magnetically s
dot is determined by the disk aspect ratiob5L/R and the
exchange lengthR05AC/Ms

2, whereL is the dot thickness,
R the disk radius,C the magnetic exchange stiffness co
stant, andMs the saturation magnetization. There are thr
stable magnetic structures for small enoughR and L, when
the formation of magnetic domains and domain walls is
energetically favored. Two of them in the first approximati
can be described as single-domain states with magnetiza
parallel and perpendicular to the disk basal plane whenb
,1.81 with L<R0 , R,Rc(L), and b.1.81 with R<R0 ,
respectively. The value ofb51.81 is the critical aspect ratio
for the reorientation transition for a single-domain cylind
cal dot.14 The other is the ‘‘vortex’’-type spin distribution
when R.Rc(L), the critical radius for the vortex stability
The vortex spin structure was experimentally observed
submicron disks with thickness of about several tens of
nometers. For example, Lorenz electron microcopy was
ployed to study a field-dependent vortex evolution in perm
loy disks.15 The size dependences of vortex nucleatio
annihilation fields have been studied experimentally
circular Permalloy8,16,17 and ellipsoidal cobalt dots.10 The
magnetic force microscope~MFM! observations of the mag
netic vortex states in remanence18 and under an applied
field19 have been reported. The vortex nucleation in Perm
loy particles was reported to cause an incomplete magn
zation reversal, which originates the failure in operati
MRAM cells.20 On the other hand, the submicron circul
dots and ring-type nanostructures with a high stability
remanent vortex state have been proposed as possible c
dates for bistable magnetic memories.21,22

To our knowledge, there are neither theoretical and
perimental analyses nor micromagnetic data related to
effect of interdot magnetostatic coupling on the demagne
ing process in the dot arrays with nonuniform remanent s
©2001 The American Physical Society14-1
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such as the ‘‘vortex’’ structures, whereas there are some th
oretical works about the magnetization reversal in isola
circular ferromagnetic elements. The realistic curling mag
tization distribution in the flat disk was first calculate
analytically14 and then by using a variational approach.23,24

The vortex stability in remanence and in external magn
fields was examined respectively in Refs. 24, 25 and
respectively.

In this work, we have developed an analytical model
describe how the characteristic properties such as the vo
nucleationHn and annihilationHan fields and the initial sus-
ceptibility x~0! depend on the size and interdisk distance.
compare the obtained results with micromagnetic calcu
tions. The paper is composed of five sections as follows
Sec. II we describe the analytical models for an isolated
and an array of magnetostatically coupled dots. In Sec.
we briefly show some issues related to the micromagn
calculations. The results and applicability of the propos
model are discussed in Sec. IV. Finally, the summary is gi
in Sec. V.

II. ANALYTICAL MODEL

A. Isolated dot

To begin, we consider the magnetization reversal initia
via the vortex nucleation, the displacement, and the ann
lation in an isolated disk. The magnetization curling mode
the flat disk was analytically examined by Aharoni14 using
the cylindrical coordinates, where thez axis the cylinder
axis, r is the polar radius,w is the polar angle, andm(r )
5M (r )/Ms with mr50, mw5 f (r), and mz5A12mw

2.
Usov and Peschany23,24 have found, from the variationa
principle, that the replacementf (r)→sinq(r) finally yields
the relationtanq/25r/b, whereb is the radius of the region
with mzÞ0 ~vortex core!. This solution is valid for a wide
range of dot sizes as far as the dot radiusR is larger than the
critical radiusRc(L). The magnetization unit vectorm ro-
tates out of the dot basal plane whenr,b. The value ofb
can be evaluated by minimizing the total magnetic ene
consisting of the exchange and magnetostatic energies d
surface and volume charges in the dot. Comparison betw
the numerical and analytical results indicate that the cur
type vortex magnetization distribution in a ferromagnetic d
is expressed as

mr50, mw5sinu~r!5H 2br/~b21r2!, r<b,

1, r.b,

mz56cosu~r!. ~1a!

Note here that the magnetization distribution does not v
along thez axis. This is correct for disks with thicknessL
equivalent to the exchange length. It is also clear that
side surface and volume charges are not stored in the d
bution given by Eq.~1a!. The vortex can be characterized b
the out-of-plane~for r,b! and in-plane~for r.b! magne-
tization directions. It is convenient to rewrite the tw
dimensional magnetization distributionm(x,y) given by Eq.
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~1a! by using dimensionless complex variablesz5(x
1 iy)/R andw(z,z̄) ~Ref. 26!:

mx1 imy5
2w

11ww̄
, mz5

12ww̄

11ww̄
, ~1b!

where the bar over a variable denotes the complex conju
tion. The complex functionw(z,z̄) has the formw(z,z̄)
5 f (z) if u f (z)u,1 ~within the vortex core! and w(z,z̄)
5 f (z)/u f (z)u if u f (z)u>1, wheref (z) is an appropriate ana
lytical function. In our casef (z)5( i /c)z, which is equiva-
lent to Eq.~1a!, andc5b/R is the relative core radius.

In the remanent state, the vortex stays at the center of
disk. When the magnetic field is applied, the vortex core
pushed toward the dot perimeter to increase the ave
magnetization component along the field. We assume tha
spin distribution within the vortex is always described by E
~1a! while being displaced, i.e., the vortex spin structure
mains unchanged. The shifted vortex magnetization distri
tion is described asf (z)5( i /c)(z2s), wherec is the con-
stant, ands5 l /R is the relative vortex displacement. Th
value of s>1 requires special consideration where we
sume thatus21u.c with c!1. The last assumption is cor
rect for sub-micron-size dots,R@R0 ~0.6<cR/R0<1 ac-
cording to Usov and Peschany’s calculations24!.

This simple one-vortex approximation~so-called ‘‘rigid’’
vortex model! is reasonable when~1! the vortex displace-
ment l is much smaller than the disk radiusR and ~2! the
vortex center is outside the dot (l @R). The two-vortex dis-
tribution ~one circular vortex is inside the dot and one cro
vortex is outside the dot! using the disk conformal mappin
z→z85(z2a)/(12āz) was successfully applied to explai
the vortex annihilation field by Guslienko and Metlov in Re
26. But this mapping cannot explain satisfactorily the vort
initial susceptibility and cannot predict the border of the vo
tex stability. The functionw(z,z̄) determines good trial mag
netization distribution in a cylindrical dot. Its parameters~s
andc in our case! can be found from the total dot magnet
energy minimization.

The total dot magnetic energy consists of the excha
Wex, magnetostaticWm , and ZeemanWH energies. The
magnetocrystalline anisotropy is assumed to be negligi
Here all the energies are normalized to the unit ofMs

2V with
the dot volumeV(5pR2L). The nonuniform exchange en
ergy Wex5(C/2)*d3r(a(“ma)2, was developed with re-
spect to the vortex center displacements by taking into ac-
count Eq. ~1!. The exchange energy of the dot in th
magnetization curling state of Eq.~1! with the shifted vortex
center (l<R2b) is thus given by

Wex

Ms
2V

5
1

2p S R0

R D 2E d2rF S du

dr D 2

1
sin2 u

r2 G ,
wex~s!5wex~0!1

1

2 S R0

R D 2

ln~12s2!, ~2!

where it is assumed thatus21u.c.
4-2
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MAGNETIZATION REVERSAL DUE TO VORTEX . . . PHYSICAL REVIEW B65 024414
The exchange energywex(s) decreases with the increas
of s. Then expanding Eq.~2! in a series ons yields the
exchange energy density

wex~s!5wex~0!1S R0

R D 2F2
1

2
s21O~s4!G . ~3!

For the isolated disk, the Zeeman energy does not dep
on the direction of the in-plane external fieldH and is given
as

WH~s!52E
V
d3r M ~r !•H

52HMsVsE
0

`

dx@J0~x!J0~xs!2J2~x!J2~xs!#.

~4!

For the small vortex displacements, denotingh5H/Ms , the
Zeeman energy density is thus approximated as

wH~s!52h„s1O~s3!…. ~5!

The magnetostatic energy in the model is only genera
by the surface magnetic chargess5(M•n) along the dot
perimeter. The volume charges are absent (divm50), the
top and bottom surface charges atz50, andL remains un-
changed on the vortex displacement. We thus have

Wm5
1

2 E dSE dS8
s~r !s~r 8!

ur2r 8u
, ~6!

with

s~r !52Ms

s sin~w!

A11s222s cos~w!
,

where the integration is taken for the disk side surface. T
vortex displacement is assumed parallel to thex axis ~s is
real!. The dot magnetostatic self-energy is given as follow

Wm~s!

Ms
2V

5
2

p
s2 (

m.0
Fm~b!I m

2 ~s!, ~7!

where

Fm~b!5E
0

` dt

t
f ~bt !Jm

2 ~ t !,

I m~s!52E
0

p

dw
sin~w!sin~mw!

A122s cos~w!1s2
,

and f (x)512@12exp(2x)#/x andb5L/R.

This expression is valid for all the values ofs. For smalls,
sinceI m

2 (s)5p2dm,11O(s2), the magnetostatic energy de
sity including the disk top and bottom surface is obtained

wm~s!5wm~0!12pF1~b!s21O~s4!. ~8!
02441
nd

d

e

:

s

The functionF1(b) is proportional to the average in-plan
demagnetizing factorNx(b)54p*dt t21f (bt)J1

2(t).14

Here we distinguish three characteristic field related to
vortex evolution: the vortex nucleation fieldHn , the anni-
hilation field Han, and the fieldH0 at which the vortex and
saturated~single-domain! states have totally equal magnet
energies. As will be explained below, these three fields
isfy the relation,Hn,H0,Han.

The sum of the energies~3!, ~5!, and ~8! gives the total
magnetic energy density of the off-centered vortex in a
mensionless form:

w~s!5wex~s!1wm~s!1wH~s!

5w~0!1a~b,R!s22hs1O~s4!, ~9!

where

a~b,R!52pF1~b!2
1

2 S R0

R D 2

. ~10!

We assume thata(b,R).0, since this condition is neces
sary for stabilizing the magnetic vortex in a cylindrical d
within the framework of the ‘‘rigid’’ vortex model as pro
posed by Usov and Peschany in Ref. 24 forH50. The dots
considered here satisfy the above condition because the
tex structures are observed in the remanent state (R.R).

By minimizing the total magnetic energy in Eq.~9! with
respect tos, one can obtain the equilibrium displacements0
of the vortex center and the dot average magnetization
function of dot sizesL,R and external fieldH in the form.

s05
1

2a~b,R!
h⇒^M &V5

1

2a~b,R!
H, ~11!

where x is5@2a(b,R)#21 has sense of the in-plane initia
magnetic susceptibility of the isolated disk. It should
noted that the susceptibility is simply inversely proportion
to the average in-plane demagnetizing factor obtained w
taking into account the exchange interaction.

By comparing the energies of the vortex statew(s0) and
the uniformly in-plane magnetized statewu(h)52pF1(b)
2h, we obtain the critical field

h0~b,R!52a~b,R!S 12A12
D~b,R!

a~b,R!
D , ~12!

whereD(b,R)5wu(0)2w(0).0 is the difference between
energies when the external field is zero. The condit
D(b,R)50 gives the critical lineRc(L) and h0(b,R)
5D(b,R) near the line. The vortex annihilation field can b
approximated by using the conditions0'1 ~vortex center
reaches the dot perimeter! in Eq. ~11!:

han~b,R!52a~b,R!. ~13!

Now let us consider the vortex nucleation field. Since t
dot radius is large enough, the magnetization reversal
occur via incoherent~nonuniform! nucleation. Here we de
termine the nucleation field as a maximal field where
originally uniform magnetized~saturated! state becomes un
4-3
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GUSLIENKO, NOVOSAD, OTANI, SHIMA, AND FUKAMICHI PHYSICAL REVIEW B 65 024414
stable. However, real nucleation fields differ essentially fr
theoretical predictions due to defects~pinning centers! within
the dots. We assume that a curling magnetization distribu
is a nucleation mode wherein a uniformly magnetized s
loses stability in the external applied field. The correspo
ing spin structure is a vortex with its center located outs
the disk at a distance ofl 05R/sinw0 from the disk center,
where the anglew0 is the intensive variable. This magnet
zation distribution can be described by the functionf (z)
5( i /c)(z2s), but with the vortex center displacements
.1 (s51/sinw0). The case whenw050 corresponds to the
saturated state of a disk with a collinear spin structure~the
vortex center positions will go to infinity!. We then get for
the exchange energy density

wex~w0!52S R0

R D 2

ln@cos~w0!#, ~14!

and the corresponding magnetostatic energy can be obta
from Eq. ~7! by the substitution theres→1/sin(w0) and ac-
counting of uniform dot (w050) magnetostatic energy

wm~w0!5wm~0!1
2

p

1

sin2~w0! (
m.0

Fm~b!I m
2 S 1

sin~w0! D ,

~15!

and the Zeeman energy density is described by the lims
@1 in Eq. ~4!.

Developing the total magnetic energy of the dotwb(w0)
5wex(w0)1wm(w0)1wH(w0) into a series onw0 , followed
by a similar expansion ons as in Eq.~9! yields

wb~w0!5wb~0!1
1

2
w0

2F S R0

R D 2

2pF~b!1
1

4
hG1O~w0

4!,

~16!

whereF(b)5F1(b)2F2(b).
By considering the first and second derivatives of the to

magnetic energy with respect to the anglew0 we obtain the
critical field, below where the uniform magnetic state is u
stable. The second derivative atw050 ]2wb /]w0

2

5@(R0 /R)22pF(b)1h/4# should be positive. Equation
~16! with the condition]2wb /]w0

250 implies that the uni-
form magnetic state (w050) is stable up to the vortex nucle
ation field:

hn~b,R!54pFF~b!2
1

p S R0

R D 2G . ~17!

Equations~11!, ~13!, and ~17! describe analytically the
characteristic size-dependent parameters of magnetizatio
versal in an isolated circular ferromagnetic dot, such as v
tex initial susceptibilityx~0!, annihilation han, and nucle-
ation hn fields within the ‘‘rigid’’ vortex model. Figure 1
shows dependence of the isolated dot critical fields on
value of b. The critical values ofR when the functions
han(b,R), h0(b,R), and hn(b,R) are equal to zero corre
spond to the vortex stability radius, the vortex equilibriu
radius, and the single-domain state stability radius, resp
tively.
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B. Array of magnetostatically coupled dots

The model described in the preceding section is now
tended to the case of typical two-dimensional~2D! dot arrays
with a rectangular lattice of nonuniformly magnetized su
micron-size disks. We consider the system of identical m
netostatically interacting disks with radiusR and dot thick-
nessL. The unit cell sizes areTx52R1dx , Ty52R1dy ,
wheredx anddy denote the interdisk spacing alongx andy
axes, respectively~Fig. 2!.

To describe the magnetization reversal in the dot array,
consider the total magnetic energy of the system. The
exchange energyWex and the Zeeman energyWH are single-
disk quantities. They thus do not depend on the interd
spacingd. The magnetostatic energyWm is influenced by the
interdisk interaction, especially for closely packed disk
rays withd5d/R,1. We assume that all the disks are in t
same magnetic state in the external magnetic field.

To calculateWm , we consider a 2D reciprocal spac
where the location of the dots can be specified with the
ciprocal lattice vectork5(kx ,ky). For the rectangular lattice
(kx ,ky)52p(m/Tx ,n/Ty), wherem andn are integers. We
use the general expression for magnetostatic energy de
per unit volume of in-plane magnetized patterned film d
duced in Ref. 27:

Wm52p(
k

f ~kL!

k2 u~k•M k!u2, ~18!

FIG. 1. The dot aspect ratio dependence of the vortex crit
fields defined by Eqs.~12!, ~13!, and ~17! based on the ‘‘rigid’’
vortex model forL520 nm andb/L50.734.

FIG. 2. The geometry of rectangular array of circular ferroma
netic dots used in the present model.
4-4
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MAGNETIZATION REVERSAL DUE TO VORTEX . . . PHYSICAL REVIEW B65 024414
where f (x)512@12exp(2x)#/x, Mk
a5S21*Sd2r Ma(r)

3exp(ik•r), S is the area of a unit cell for the square lattic
andr is the radial vector in thex-y plane.

For calculations, we use the magnetization compone
Ma(r) of the shifted vortex in the ‘‘rigid’’ vortex model
~Sec. II A!. For smalls, we obtain the normalized magneto
static energy density by using similar techniques to Eq.~8!,
as

wm~s!5wm~0!12pL~b,d,wH!s21O~s4!, b5L/R,

d5dx /R, ~19!

L~b,d,wH!5
4p

TxTy
(

k
f ~bkR!

J1
2~kR!

k2 cos2~wk2wH!,

whereJ1(x) is the Bessel function, andwk and wH are the
polar angles for the vectorsk andH.

The functionL(b,d,wH) causes uniaxial anisotropy re
lated to the interdisk magnetostatic coupling whereby
easy magnetization axis is directed along the shortest pe
Tx in the rectangular dot array (wH50). The vortices are
located at the center of each disk in the absence of an e
nal magnetic field. The magnetic charges stored at the s
vortex cores and related stray fields do not practically aff
the magnetostatic interaction of the disks. This part of
interdisk coupling is negligibly small even for a spacingd
close to zero. In an external magnetic field, however,
centers of the vortices are displaced perpendicular to the
directionwH , and some magnetic charges appear at the
circumference, and therein corresponding stray fields or
nate. This leads to an increase in the intradisk magnetos
energy followed by the appearance of the interdisk magn
static coupling due to nonzero dot dipolar, quadrupolar,
higher-order magnetic moments. The interdisk coupling~be-
ing negative! reduces the total magnetostatic energy of
patterned film and therefore favors stabilization of the sa
rated state. The in-dot magnetostatic energy of the s
charges is taken into account by Eqs.~7! and ~8! within the
‘‘rigid’’ vortex model. Equation~18! includes both the in-do
and interdot magnetostatic energy contributio
L(b,d,wH)→F1(b) within the limit of isolated dotd@1 by
the substitution

(
k

~¯ !→ TxTy

~2p!2 E d2k~¯ !.

By minimizing the total magnetic energy, one can obta
the equilibrium shift of the vortex centers as well as the
other physical parameters of the dot array. We use decom
sition of the energies defined by Eqs.~3!, ~5!, and ~19! and
rewrite the total energy density in the dimensionless form

w~s!5wex~s!1wm~s!1wH~s!

5w~0!1A~b,d,R,wH!s22hs1O~s4!,

A~b,d,R,wH!52pL~b,d,wH!2
1

2 S R0

R D 2

. ~20!
02441
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This expression forA generalizes Eq.~9! for isolated dots.
Since the vortex state is the ground state atH50 for used
typical dot parameters (2R;1 mm,L;50 nm), the coeffi-
cient A(b,d,R,wH).0. The condition A(b,d,R,wH)50
corresponds to the border of vortex stability in the coup
dot array and determine the increase ofRc . Equation~20!
immediately leads to the equilibrium displacements0 of the
vortex center28 and to the dot average magnetization~dipolar
moment! in the magnetic field in the form of Eq.~11!, where
the parametera(b,R) is replaced byA(b,d,R,wH). The dot
quadrupolar momentQ̂;s2 ~Ref. 29! does not contribute to
Eq. ~20!. The initial ~anisotropic! magnetic susceptibility of
coupled cylindrical dot array applying in-plane field isx int
5@2A(b,d,R,wH)#21.

In the first approximation, the vortex annihilation fie
Han is determined likely to Eq.~13! by the expression

Han~b,d,R,wH!52A~b,d,R,wH!Ms . ~21!

The in-dot magnetostatic interaction gives positive a
the in-dot exchange interaction and interdot magnetost
coupling~through induced stray fields! give negative contri-
butions to the dot annihilation field. ForR50.1– 1mm, the
vortex shift is mainly determined by competition betwe
magnetostatic and Zeeman energies. Both the susceptib
andHan reveal uniaxial anisotropy in the rectangular dot a
ray with easy axiswH50 (Ox), parallel to the close-packe
direction in the rectangular dot lattice.

To estimate the vortex nucleation field in the dot array
should consider the stability of magnetized rectangular
array in an external magnetic field. Let magnetic field
parallel to one of the dot lattice@10# or @01# direction. We
need only recalculation of the magnetostatic energy for
dot array given for isolated dot by Eq.~15!. The magnetiza-
tion distributionm(r) in each dot is given by the function
f (z)5( i /c)(z2s) wheres@1. Detailed calculation on the
basis of Eq.~18! leads to the substitution of the functio
F(b) in Eqs.~16! and ~17! to the function

F~b,d,wH!52
8p

TxTy
(

k
f ~bkR!

cos2~wk2wH!

k2

3@C1~kR!cos 2~wk2wH!1C2~kR!#,

~22!

where the coefficients areC1(x)53J1(x)J3(x)2J2
2(x) and

C2(x)52J1(x)J3(x)2J0(x)J2(x). Then, the nucleation
field hn for the magnetostatically coupled rectangular d
array has the following form:

hn~b,d,R,wH!54pFF~b,d,wH!2
1

p S R0

R D 2G . ~23!

This field decreases rapidly when decreasing the relative
terdot distanced. The nucleation fieldhn exhibits a more
complex anisotropy than the uniaxial one. This is due to
presence of a considerable contribution of high-order in
dot magnetic multipolar moments~quadrupolar,Q, in par-
4-5
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ticular! to the interdot magnetostatic coupling. This effect
essential for close-packed rectangular dot arrays withd/R
,0.5.29

III. MICROMAGNETIC CALCULATIONS

The magnetic behaviors of individual and interacti
disks were separately examined using Landau-Lifsh
Gilbert ~LLG! micromagnetic solver.30 The solver has been
successfully used for calculating hysteresis loops and dom
structures in small ferromagnetic particles.31 The computa-
tional material parameters are typically for Permalloy t
saturation magnetizationMs58.03105 A/m and the ex-
change stiffness constantC51.3310211J/m. The magneto-
crystalline anisotropy is neglected. A systematical study
the effect of discretization and of the element size on ca
lated hysteresis loops was performed prior to the main
culations. Comparison between 2D and 3D discretizat
schemes shows that the obtained results are almost iden
for the flat disk withL,R. The unit element size is 4 nm
34 nm3L. Decreasing the element size does not influe
the numerical results, even for the smallest disks calcula
Note that the unit element size is much smaller than
exchange length of the system~;14 nm! so that the spin
distribution in the vortex core can be described correctly. T
evolution of the spin structure, the average magnetiza
components, and the dot energy terms were calculated
function of an in-plane applied magnetic field. The initi
susceptibilityx~0! was determined as a slope of the line
part of the magnetization curve at zero field. The critic
fields where the spin structure transforms from the vortex
the single domain state and vice versa were defined as a
hilation Han and nucleationHn fields, respectively.

The effect of interdot magnetostatic interaction on ma
netization reversal was elucidated for the dots placed i
finite chain. The susceptibilityx~0! and critical fieldsHn and
Han of the central dot in the chain were used for comparis
with the analytical model. The chain configuration corr
sponds to the limit of the dot array with a rectangular latt
where the interdisk distance along one direction is kept m
larger than the dot radius. We thus neglect the magnetos
interaction between the individual chains in the array. In
analytical model, the magnetostatic energy described by
~18! includes the effect of all the surrounding disks. The
fore the susceptibility, nucleation, and annihilation fiel
given by Eqs.~21! and~23! correspond to the infinitely large
dot array. By comparing the micromagnetic hysteresis lo
for the chains with different number of dots from 3 to 13 a
small interdot distance, we conclude that at least seven
ments have to be considered in the calculation in orde
correctly treat the effects of long-range magnetostatic in
action. The switching behavior of the central dot does
vary with increase of the number of elements and can
considered as a good approximation to the infinite cha
Detailed discussion of analytical calculations for smal
number of the elements will be reported elsewhere. The d
thicknessL is chosen to be 40 or 60 nm and the interd
distanced is varied from 400 nm down to 30 nm. The exte
nal magnetic field was applied along the chain. The isola
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dot diameter is varied from 0.1 to 0.6mm and disk thickness
from 10 to 60 nm. The micromagnetic calculation is tim
consuming, especially for the chain of the dots: therefore,
dot diameter in this case was fixed to be 0.4mm only.

IV. RESULTS AND DISCUSSION

Figure 3 shows a typical hysteresis loop and the fi
evolution of the spin structure, calculated with the LL
solver for the circular dots, 0.2mm in diameter and 30 nm in
thickness. When the magnetic field is decreased from sat
tion @Fig. 3~a!#, a magnetic vortex nucleates in the nucleati
field Hn @Fig. 3~b!# accompanied by an abrupt decrease
the average dot magnetization. This results in a gain in
magnetostatic energy. The center of the vortex stays at
center of the dot@Fig. 3~c!# at H50. The reversible part of
the loop corresponds to the vortex core movement perp
dicular to the applied field@Fig. 3~d!#. When the magnetic
field reaches the annihilation fieldHan, the vortex vanishes
completely. This process stabilizes the single-domain stat
the dot@Fig. 3~e!#. The values ofHn , Han, and the slope of
the linear part of the hysteresis loop are strongly size dep
dent. The magnetization distribution in Figs. 3~a! and 3~e! is
slightly nonuniform, especially near the dot edges~‘‘ leaf’’
state8!, to reduce side surface magnetostatic energy. But
will neglect these deviations.

Figure 4 compares the initial susceptibilityx~0! of the
vortex state determined using the micromagnetic calculati
~open markers! and analytical results given by Eq.~11! ~solid
lines! as a function of the dot aspect ratiob5L/R. The dot
radiusR is well above ofRc , and the exchange contributio
is negligible. The analytical model is in excellent agreem
with micromagnetic data for a variety ofb. These results
coincide well with the experimental data obtained for 60-n
thick submicron circular Permalloy dots.28 The value ofx~0!
increases with decreasingb; e.g., the vortex core has highe

FIG. 3. The typical hysteresis loop and magnetization reve
process due to the vortex nucleation, displacement, and annihila
as calculated with micromagnetic solver for an isolated dot w
R50.1mm andL530 nm.
4-6
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mobility for the dots with larger diameter or smaller thic
ness. Note that the susceptibility of the single vortex has
smallest value for intermediateb;0.5 and increases sharp
for the dot with diameter close to the dot’s instability regi
due to expected transition of the vortex state to the in-pl
magnetized single domain state. The values ofRc(L) deter-
mined from the equationa(b,R)50 by Usov and
Peschany24 are much smaller than those calculated in
Ref. 25 by using two-vortex model more correct values.

Figure 5 summarizes the data for the vortex nucleat
and annihilation fields for an isolated circular dot with va
ableR andL. The solid lines are plotted using Eqs.~13! and
~17!, and the symbols represent micromagnetic calculatio
The analytical results agree well with the micromagne
LLG calculations except for theHn values for largeR, where
other nucleation modes can be realized, indicating that
vortex nucleation occurs in the dot with a relatively sm
diameter, and quite a strong field required to uniformly ma
netize the dots. Therefore, the magnetization reversal du
the vortex nucleation and annihilation is not desirable
MRAM memories with in-plane magnetized cells.20 As the
dot diameter increases, both the nucleation and annihila

FIG. 4. The initial susceptibility~solid line! calculated using Eq.
~7! together with micromagnetic data~open markers! as obtained
for isolated circular dots with variable diameter 2R and thicknessL.

FIG. 5. The vortex nucleation and annihilation fields~solid
lines! calculated using Eqs.~13! and ~17! together with micromag-
netic data~open and solid symbols! as obtained for isolated circula
dots with variable radiusR and thicknessL.
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fields decrease. The vortex magnetic state is the ground
of the system, and the nucleation field is always smaller t
the annihilation field.

As can be expected from Eqs.~11!, ~13!, and ~17!, the
initial susceptibility, the vortex, nucleation and annihilatio
fields are predetermined by saturation magnetizationMs and
the dot aspect ratiob. As far asR is much larger than the
exchange length, the magnetostatic energy dominates,
the absolute values of dot radiusR and the dot heightL are
not important. This means that the model yields identi
results forHn , x~0!, andHan for the dots with different val-
ues ofR andL, but the same aspect ratiob. The solid lines in
Figs. 4 and 5 can be viewed within the framework of ‘‘rigid
vortex model as universal curves of the characteristic par
eters of magnetization reversal process. As we mentio
above, the proposed model for the shifted vortex magnet
tion distribution is valid only for weak magnetic fields whe
the vortex core displacements is small. The values ofHan
were determined by extrapolating the linear part ofM (H) up
to saturationMs . Therefore, the analytical results ofx~0!,
equivalent to a reversible vortex displacement in small fiel
are in full agreement with micromagnetic results for all t
dots studied here. There are some evident disagreem
with numerical results for theHn and Han as discussed be
low.

The analytical equation~13! for the annihilation field
closely follows the micromagnetic data for the dots w
smaller aspect ratiob and larger dot radiusR, but it fails
whenR,0.1mm andb.0.5. For the fixed value ofb, the
discrepancy tends to increase with decreasing the dot ra
R. Within the ‘‘rigid’’ vortex model we are able to use th
higher-order terms in the expansion on the parameters for
the Eqs.~2!, ~4!, and ~7!. More detailed analyses show th
the model overestimates the magnetostatic energy fors→1
and, thus, the vortex annihilation field, especially for sm
R. When the vortex core approaches the circumference
dots (s<1), the elliptically deformed vortex shape should
taken into account. This will effectively reduce the magn
tostatic energy due to the decrease in surface charge a
the dot perimeter. A possible way to improve the model
proper values ofHan is to introduce the field-dependent vo
tex core radius.26 However, this approach does not yield th
vortex stability radius and correct initial susceptibility. The
all the magnetic energy terms will be modified. The influen
of the vortex deformation becomes crucially important fo
dot with a very small diameter~near the critical radiusRc of
the vortex stability!, since the vortex core occupies almost
the dot volume.

All the calculated vortex nucleation fields can be clas
fied into two groups in accordance with the dot radius as
clearly seen in Fig. 5, where the nucleation fieldHn is plot-
ted as a function of the aspect ratiob. The micromagnetic
data for the first group~open symbols! correspond to the data
for dots with R<0.2mm, in excellent agreement with th
analytical results given by Eq.~17! ~solid line!. The value of
Hn in the second group~solid symbols! for dots with R
.0.2mm has a larger nucleation field than the analytic
results. The discrepancy is more pronounced for largerb. In
our simple assumption, the magnetization reversal was in
4-7
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GUSLIENKO, NOVOSAD, OTANI, SHIMA, AND FUKAMICHI PHYSICAL REVIEW B 65 024414
ated by the ‘‘C-shape’’ nucleation mode as shown in Fig
6~a!. This mode is described quite well by the ‘‘rigid’’ vorte
model. Micromagnetic calculations show that there are ot
spin structures with close energy just before nucleation
small dots. Figure 6 shows the metastable spin struct
calculated for the dots withL530 nm andR50.1, 0.2, and
0.3 mm. With increasing dot diameter, the spin structu
gradually transforms from ‘‘C-shape’’ @Fig. 6~a!# to ‘‘ buck-
ling’’ @Fig. 6~b!# and then to ‘‘S-shape’’ @Fig. 6~c!# configu-
rations. The dot aspect ratiob seems to have no effect on th
in-plane magnetic states. Interesting to note is that the c
figurations in Figs. 6~a! and 6~b! end up with a single vortex
On the other hand, two vortices are nucleated on the dot
surface at much higher field for the nucleation mode sho
in Fig. 6~c!. The different nucleation modes appear to
responsible for the discrepancy between the analytical
the micromagnetic results. The magnetization reversal
companied by the nucleation of two vortices was stud
experimentally in submicron disks19 and with micromagnet-
ics in ellipsoidal permalloy dots.32 The validity of the ana-
lytical solution, likely given by Eq.~17!, can be extended fo
the dots withR.0.2mm if one takes a more complicate
magnetization distribution into consideration for the ene
description. The theoretical expression of the size-depen
transition between different nucleation modes still remains
be deduced.

Figure 7 shows a typical micromagnetic hysteresis lo
for the chain of seven identical circular dots with radiusR
50.2mm, thicknessL560 nm, and separating distanced

FIG. 6. The spin instabilities modes obtained with microma
netic calculations for the circular dots with theR50.1 ~a!, 0.2 ~b!,
and 0.25mm ~c! and fixedL530 nm.

FIG. 7. The descending part of the micromagnetic hyster
loops for the chain of seven dots withR50.2mm, L560 nm, and
d550 nm.
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550 nm. As follows from previously described microma
netic data, the magnetization reversal process in a small
is always accompanied by only one sharp jump in magn
zation, corresponding to an irreversible transition from a c
linear to a vortex spin structure. The demagnetization cu
for the chain exhibits a stepwise decrease, because the
tices nucleate at different fields for the different dots. T
field evolution of the spin structure in the chain is given
Fig. 8. In high magnetic fields, all spins are aligned along
field @Fig. 8~a!#. With decreasing field the vortex nucleatio
is first initiated in two dots located at the ends of the ch
@Fig. 8~b!#. These dots are neighbor free in one side, and t
are consequently subjected to an effective magnetic fi
which is smaller than the one for other dots inside of t
chain. After the nucleation, the vortex core stays quite
from the dot center@Fig. 8~c!#, according to the balance be
tween the magnetostatic and Zeeman energies. The mag
charges induced on the side surface result in a non-neglig
stray magnetic field around the dot. Therefore the end
dots with magnetic vortices are still magnetostatica
coupled with other elements of the chain. This coupling d
creases drastically with decreasing field because of the
tex core displacement toward the dot centers. The contr
tion of the out-of-plane dot magnetization component can
ignored here, since the dot radius is much larger then
radius of the vortex core. As a result, the magnetization
versal process is progressively initiated in the neighbor
dots toward the center of the chain@Figs. 8~d! and 8~e!#. In
remanence~zero applied field! the dots are in the vortex
magnetic states. The centers of the vortices are at the ce
of the dots. Therefore, the magnetic ‘‘charges’’ are prac
cally absent and magnetostatic interaction between the i
vidual the dots is negligibly small, even though for distanc
d close to zero. However, once the external magnetic fiel
applied to the system, the centers of vortices are shifted
some magnetic ‘‘charges’’ arise on the dots boundaries. T
leads to increasing the self-magnetostatic energy of the
described by Eq.~19! and appearing the interdot magnet
static interaction.

Figure 9 compares the initial susceptibilityx~0! obtained
from micromagnetic and analytical calculations for a ma
netic field applied along the shortest unit cell period (wH
50). We have reasonably good agreement between the

-

is

FIG. 8. The evolution of the spin structure in the chain of c
cular dots for different magnetic fields marked by the open circ
in Fig. 7.
4-8
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culations and experiments except for the limitd/R.0. This
means that the ‘‘rigid’’ vortex model is applicable to accou
for the interdot magnetostatic coupling. The vortex nuc
ation and annihilation fieldsHn(d/R) andHan(d/R) are nor-
malized to the corresponding values in isolated dots (d/R
@1) with the same geometry and are shown in Figs. 10
11. Both the analytical model and the micromagnetic d
clearly show that the magnetostatic interdot plays an imp
tant role in the magnetization reversal in arrays withd
5d/R,0.5, leading to a decrease inHn , Han, and an in-
crease inx~0!.

We had good quantitative agreement between the inte
spacing dependences ofHan obtained from both analytica
and numerical calculations as seen in Fig. 10. This imp
that the vortices annihilate almost collectively in the dot
ray and allow us to regard all the dots as identical. But
physical picture for the nucleation field is more comple
Equation~23! predicts more rapid decrease ofHn than the
micromagnetic result when decreasing the interdot spacind
~Fig. 11!. According to the micromagnetic calculation in Fi

FIG. 9. The initial susceptibility~dashed line,L560 nm; solid
line, L540 nm! calculated using Eq.~20! together with correspond
ing micromagnetic data~open markers! for the chain of the dots vs
the normalized interdot distanced5d/R.

FIG. 10. The normalized annihilation fieldsHan(d/R)/Han ~iso-
lated dot! ~line, L540 nm; solid line,L560 nm! calculated using
Eq. ~21! for the rectangular dot array together with correspond
micromagnetic data~open markers! for chain of the dots vs the
normalized interdot distanced5d/R.
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8, the nucleation initiates at the edges of the chain to pro
gate toward the center, indicating that the nucleation proc
is not uniform. The mean field approximation based on E
~18! and~22! shows that the strength of the dipolar couplin
is proportional to the magnetization averaged over the ch
This approximation now fails to explain qualitatively th
nonuniform nucleation process. In the approximation, all
dots are assumed to have an identical magnetic configura
with the same dot magnetization. However, the magnet
tion of the dot with nonuniform nucleation is smaller tha
the average. This reduces the interdot coupling and resul
the higher values of the nucleation fieldHn(d/R) compared
to the mean-field approximation. A detailed discussion of
nucleation in coupled dots is out of the scope of this pa
and will be discussed elsewhere. Note that the bothHn(d/R)
andHan(d/R) follow their universal lines when plotted into
normalized coordinates. Therefore,d is considered to be a
key parameter to compare the effect of magnetostatic in
action on magnetization reversal in submicron dot arr
with differentL andR. For the dots with smallestd the chain
is stabilized in the single-domain remanent state and nu
ation field becomes negative. The similar effect was o
served by Cowburnet al.33 In their work, the transition from
superparamagnetic to ferromagnetic ordering in Perma
dot arrays (R530 nm,L510– 20 nm) induced by interdot in
teraction was reported. The rectangular dot arrays were
vestigated for cobalt,6,7 Permalloy,11,12 and iron dots.5 How-
ever the effect of anisotropic interdot magnetostatic coupl
was suppressed by the strong shape and magnetocryst
anisotropies.

V. CONCLUSIONS

The ‘‘rigid’’ vortex model was used to describe analyt
cally the characteristic parameters of the magnetization
versal in individual circular dots and magnetostatica
coupled rectangular arrays with ‘‘vortex’’ remanent state
using only the geometry of the dotL andR, interdot distance
d, and the saturation magnetizationMs . The proposed ana
lytical description is in good qualitative and, sometime

FIG. 11. The normalized nucleation fieldsHn(d/R)/Hn ~isolated
dot! ~dashed line,L560 nm; solid line,L540 nm! calculated using
Eq. ~23! plotted with corresponded micromagnetic data for t
chain of the dots vs the normalized interdot distanced5d/R.
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quantitative agreement with micromagnetic data for the m
important practical case of the flat submicron dot arrays w
R;0.1– 0.3mm andb5L/R,0.2. The nucleation and ann
hilation fields decrease, whereas the initial susceptibility
creases with decreasing the dot aspect ratiob. The effect of
interdot magnetostatic interaction is rather small and the
fore can be ignored for the dots in ‘‘vortex’’ state, in ze
magnetic field, and for the dot arrays withd5d/R.1. On
the other hand, the interdot interaction has a strong des
lizing effect on the vortex spin state in dot arrays with sm
interdot distance, leading to a significant decrease of both
vortex critical fieldsHn , Han, and an increase in the initia
s
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u
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d
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T
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susceptibilityx~0!. The origin of this coupling is the appea
ance of dot side surface charges induced by an external fi
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